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Abstract 

We establish some bifurcation results for the boundary value problem —Au — g(u) + 
X\Vu\ p + fj,f(x,u) in f2, u > in Q, u = on dQ, where Q is a smooth bounded domain 
in Mr, A, u > 0, < p < 2, / is nondecreasing with respect to the second variable, and 
g is unbounded around the origin. The asymptotic behaviour of the solution around the 
bifurcation point is also established, provided g(u) behaves like u~ a around the origin, for 
some < a < 1. Our approach relies on finding explicit sub- and super-solutions combined 
with various techniques related to the maximum principle for elliptic equations. The analysis 
we develop in this paper shows the key role played by the convection term [Vm| p . 
Key words: singular elliptic equation, sub-linear perturbation, bifurcation problem, maxi- 
mum principle. 
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1 Introduction and the main results 

In his recent monograph 27 , H. Kielhofer synthetizes the role of bifurcation problems in Ap- 
plied Mathematics: Bifurcation Theory attempts to explain various phenomena that have been 
discovered and described in Natural Sciences over the centuries. The buckling of the Euler rod, 
the appearance of Taylor vortices, and the onset of oscillations in an electric circuit, for instance, 
all have a common cause: a specific physical parameter crosses a threshold, and that event forces 
the system to the organization of a new state that differs considerably from that observed before. 

In the present paper we continue the bifurcation analysis developed in our previous works 
[181 119j (see also [1U] ^ for a large class of semilinear elliptic equations with singular nonlinearity 
and Dirichlet boundary condition. Such problems arise in the study of non-Newtonian fluids, 
boundary layer phenomena for viscous fluids, chemical heterogeneous catalysts, as well as in the 
theory of heat conduction in electrically conducting materials. The main feature of this paper is 
the presence of the convection term |Vu| p . 
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Let Q C M. N (N > 2) be a bounded domain with a smooth boundary. We are concerned in 
this paper with singular elliptic problems of the following type 

—Au = g(u) + \\Vu\ p + fj,f(x,u) in Q, 
< u > in n, (1-1) 

u = on dQ, 

where < p < 2 and A,u > 0. As remarked in the requirement that the nonlinearity 

grows at most quadratically in \Vu\ is natural in order to apply the maximum principle. 

Throughout this paper we suppose that / : 17 x [0, oo) — » [0, oo) is a Holder continuous 
function which is nondecreasing with respect to the second variable and is positive onfix (0, oo). 
We assume that g : (0, oo) — > (0, oo) is a Holder continuous function which is nonincreasing and 
]im s \o g(s) = +oo. 

Problems of this type arise in the study of guided modes of an electromagnetic field in a 
nonlinear medium, satisfying adequate constitutive hypotheses. The following two examples 
illustrate situations of this type: (i) if f(u) = ii 3 (l + 7« 2 )~ 1 (7 > 0) then problem describes 
the variation of the dielectric constant of gas vapors where a laser beam propagates (see |36| l37]): 

2 

(ii) nonlinearities of the type f(u) = (1 — e _7n )u arise in the context of laser beams in plasmas 
(see ESI). If f(u) = e"/( 1+eu ) (e > 0) then the corresponding equation describes the temperature 
dependence of the reaction rate for exothermic reactions obeying the simple Arrhenius rate law 
in circumstances in which the heat flow is purely conductive (see 03] )• In this context the 
parameter e is a dimensionless ambient temperature and the parameter A is a dimensionless heat 
evolution rate. The corresponding equation 

-An = g{u) + \\Vu\ p + ue u/(1+£u) in Q 

represents heat balance with reactant consumption ignored, where u is a dimensionless temper- 
ature excess. The Dirichlet boundary condition u = on d£l is an isothermal condition and, in 
this case, it describes the exchange of heat at the surface of the reactant by Newtonian cooling. 

Our general setting includes some simple prototype models from boundary-layer theory of 
viscous fluids (see (IS])- If A = and u = 0, (jl.lj) is called the Lane-Emden- Fowler equation. 
Problems of this type, as well as the associated evolution equations, describe naturally certain 
physical phenomena. For example, super-diffusivity equations of this type have been proposed 
by de Gennes !15. as a model for long range Van der Waals interactions in thin films spreading 
on solid surfaces. This equation also appears in the study of cellular automata and interacting 
particle systems with self-organized criticality (see (Hj), as well as to describe the flow over an 
impermeable plate (see 015]). 

Our aim in this paper is to describe the influence of the gradient term in problem (jl.lj) . 
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Many papers have been devoted to the case A = 0, where the problem Ql.l|) becomes 



—Au = g(u)+fif(x,u) in 0, 

u>0 in 0, (1.2) 

u = on dQ, 

If /i = 0, then (|1.2|) has a unique solution (see [nj|2!2]). When \i > 0, the study of (|1.2j) emphasizes 
the role played by the nonlinear term f(x,u). For instance, if one of the following assumptions 
are fulfilled 

(/l) there exists c > such that f(x, s) > cs for all (x, s) G f2 x [0, oo); 

f{X Si 

(/2) the mapping (0, oo) 3 s i — ► - — is nondecreasing for all i£fi, 

s 

then problem (|1.2jl has solutions only if /x > is small enough (see [11]). In turn, when / satisfies 
the following assumptions 

y (x, 5) 

(/3) the mapping (0, 00) 3 s 1 — > - — is nonincreasing for all x G O; 

s 

MX S I 

(/4) lim — = 0, uniformly for 

s— >oo ,S 

then problem (|1.2j) has at least one solutions for all n > (see ^Ql ^1 ES] arid the references 
therein). The same assumptions will be used in the study of ()1.1|) . 
If A > 0, the following problem was treated in Zhang and Yu [12] 

-Au= — + X\Vu\ p + a inn, 

u > in n, (1-3) 

u = on 90, 

where A, cr > 0, a > 0, and p G (0,2]. By using the change of variable v = e Xu — 1 in the case 
p = 2, it is proved in 05] that problem (|1.3j) has classical solutions if Xa < X±, where Ai is the 
first eigenvalue of —A in Hq(SI). This will be used to deduce the existence and nonexistence in 
the case < p < 2. 

If f(x,u) depends on n, the above change of variable does not preserve the sublinearity 
condition (/3) — (/4) and the monotony of the nonlinear term g in problem In turn, if 

f(x,u) does not depend on u and p = 2, this method successfully applies to our study and we 
will be able to give a complete characterization of (see Theorem II .41 below) . 

Due to the singular term g(u) in (P\), we cannot expect to have solutions in C 2 (0). As it was 
pointed out in [l^]) if a > 1 then the solution of ()1.3|) is not in C 1 (r2). We are seeking in this 
paper classical solutions of (Pa), that is, solutions u G C 2 (Q) n (7(0) that verify Ijl.ljl . 

By the monotony of g, there exists 

a = lim g(s) G [0, 00). 
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The first result concerns the case A = 1 and 1 < p < 2. In the statement of the following result 
we do not need assumptions (/l) — (/4); we just require that / is a Holder continuous function 
which is nondecreasing with respect to the second variable and is positive on Q x (0, oo). 

Theorem 1.1. Assume A = 1 and 1 < p < 2. 

(i) If p = 2 and a > Ai, then has no solutions; 

(ii) If p = 2 and a < X\ or 1 < p < 2, then there exists u* > snc/i i/iai ili.ij) has at least one 
classical solution for fi < n* and no solutions exist if \i > [a*. 

If A = 1 and < p < 1 the study of existence is close related to the asymptotic behaviour of 
the nonlinear term f(x,u). In this case we prove 

Theorem 1.2. Assume A = 1 and < p < 1. 

(i) If f satisfies (/l) or (/2), £/ien t/iere exists u* > snca i/iai /I i. J|) aas at least one classical 
solution for \x < /i* and no solutions exist if /J, > /i*; 

(ii) // < p < 1 and / satisfies (/3) — (/4), £/ien ji.ij) /ias Zeasi one solution for all fj, > 0. 

Next we are concerned with the case fj, = 1. Our result is the following 

Theorem 1.3. Assume \x = 1 and / satisfies assumptions (/3) and (/4). JTien t/ie following 
properties hold true. 

(i) If < p < 1, then M.l)) has at least one classical solution for all A > 0; 

(ii) If 1 < p < 2, taen iaere exists X* € (0, oo] swc/i i/iai J i. i|) has at least one classical solution 
for A < A* and no solution exists if A > A*. Moreover, if 1 < p < 2, t/ien A* is finite. 

Related to the above result we raise the following open problem: if p = 1 and /z = 1, is A* 
a finite number? 

Theorem 11.31 shows the importance of the convection term A|Vn| p in (jl.lj) . Indeed, according 
to ^3 Theorem 1.3] and for any fj, > 0, the boundary value problem 

-An = u~ a + A|Vu| p + y,vP in 
< n > in (1.4) 

n = on dfl 

v 

has a unique solution, provided A = 0, a, (3 G (0, 1). The above theorem shows that if A is not 
necessarily 0, then the following situations may occur : (i) problem 1)1. 4|) has solutions if p € (0, 1) 
and for all A > 0; (ii) if p £ (1, 2) then there exists A* > such that problem (|1.4|) has a solution 
for any A < A* and no solution exists if A > A*. 

To see the dependence between A and fi in (|l.ljl . we consider the special case / = 1 and p = 2. 
In this case we can say more about the problem p.l|) . More precisely we have 
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Theorem 1.4. Assume that p = 2 and f = 1. 

(i) T/ie problem hl.l)) has solution if and only if X(a + //) < Ai; 



(ii) Assume \i > is fixed, g is decreasing and let A* 



Ai 



T/ien JJ.JjJ /ias a unique solution 



a + (J, 

u\ for all A < A* and the sequence (^a)a<a* *s increasing with respect to A. 

Moreover, if limsup s a g(s) < +oo, for some a G (0, 1), then the sequence of solutions (ua)o<a<a* 

s\0 

has the following properties 

(111) For all < A < A* there exist two positive constants c\,C2 depending on A such that 
c\ dist(x, dQ) < u\ < C2 dist(x, d£l) in 0; 

(112) n A G C 1 ' 1 ""^) n C 2 (0); 

(113) ua — > +cxd as X y A*, uniformly on compact subsets of£l. 

The assumption limsup s a g(s) < +oo, for some a G (0, 1), has been used in ^H] and it implies 

s\0 

the following Keller-Osserman-type growth condition around the origin 

-1/2 



g(s)ds 



dt < +oo. 



(1.5) 



As proved by Benilan, Brezis and Crandall in 3 , condition (|1.5|) is equivalent to the property 
of compact support, that is, for any h G L 1 (M Ar ) with compact support, there exists a unique 
u G with compact support such that Au G L 1 (R JV ) and 



-An = g(u) + h a.e. in 



aiV 



The situations described in Theorem 11.41 are depicted in the following bifurcation diagrams. 
Case 1 (resp., Case 2) corresponds to (i) and a = (resp., a > 0), while Case 3 is related to (ii), 
A > and \i = fixed. 




Case 1 



Case 2 



Figure 1: Bifurcation diagrams 
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As regards the uniqueness of the solutions to problem we may say that this does not 

seem to be a feature easy to achieve. Only when f(x,u) is constant in n we can use classical 
methods in order to prove the uniqueness. It is worth pointing out here that the uniqueness of 
the solution is a delicate issue even for the simpler problem (|1.2|) . We have showed in ^H] that 
when / fulfills (/3) — (/4) and g satisfies the same growth condition as in Theorem 11.41 then, if 
1)1.21) has a solution, it will follows that this solution is unique. On the other hand, if / satisfies 
(/2), the uniqueness generally does not occur. In that sense we refer the interested reader to 
Haitao 23 j. In the case f(x,u) = u q , g(u) = n~ 7 , < 7 < and 1 < q < ^rr§, we learn from 
[2*3*] that problem 1)1. 2|) has at least two classical solutions provided /i belongs to a certain range. 

Our approach relies on finding of appropriate sub- and super-solutions of p. 1)1 . This will 
allows us to enlarge the study of bifurcation to a class of problems more generally to that studied 
in |42j . However, neither the method used in Zhang and Yu |42j . nor our method gives a precise 
answer if A* is finite or not in the case p = 1 and u = 1. 

In the next Section we state some auxiliary results which will be used in the proofs of the 
above Theorems. This will be done in Sections 3, 4, 5 and 6. 

2 Auxiliary results 

Let (p 1 be the normalized positive eigenfunction corresponding to the first eigenvalue Ai of the 
problem 

— An = An in 0, 

< 

u = on dQ, 

As it is well known Ai > 0, <p\ € C 2 (0) and 

Cidist(x,5n) < (pi < C 2 dist(x,dn) in U, (2.1) 

for some positive constants C\,Ci > 0. From the characterization of Ai and ipi we state the 
following elementary result. For the convenience of the reader we shall give a complete proof. 

Lemma 2.1. Let F : $7 x (0, 00) — > M be a continuous function such that F(x,s) > X±s + b for 
some b > and for all (x, s) £ O x (0, 00). Then the problem 

—An = F(x, u) in Q, 

< n > in Q, (2-2) 

n = on 90, 

has no solutions. 
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Proof. By contradiction, suppose that Q2.2|) admits a solution. This will provide a super-solution 
of the problem 

-An = \\u + b in $7, 

(2.3) 



u > 
u = 



in $7, 
on <9S7, 



Since is a sub-solution, by the sub and super-solution method and classical regularity theory it 
follows that (|2.2j) has a solution u € C 2 (Q). Multiplying by tpi in ()2.3|) and then integrating over 
f2, we get 

- / (pi&u = \\ / ipiu + b / ipi, 
Jn Jn Jn 



that is Ai / ipiu = Xi (pm + b / 991, which implies / ipi = 0. This is clearly a contradiction 
since 921 > in 0. Hence (|2,2|) has no solutions. □ 

The growth of (pi is prescribed in the following result. 

Lemma 2.2. (see [2H]). / <fi S dx < +00 if and only if s < 1. 

Jn 

Basic in the study of the existence is the following Lemma. 

Lemma 2.3. (see |35j). Let F : f2 x (0, 00) — > M be a Holder continuous function on each compact 
subset of £1 x (0, 00) which satisfies 

(Fl) limsup I s _1 m&xF(x, s) I < Ai; 

(F2) for each t > 0, there exists a constant D{t) > such that 

F(x, r) — F(x, s) > —D(t)(r — s), for x £ O, and r > s >t; 



(F3) there exist a t]q > and an open subset SIqCSJ such that 



and 



Then the problem 



minF(x,s) > for s G (0,770) 



lim — — — - = +00 uniformly for x € Qq. 

s\0 S 



—An = F(x, n) in f2, 
u > in fl, 

u = on 90, 



(2.4) 



/«zs least one solution. 
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According to Lemma 12.31 there exists £ G C 2 (J7) a solution of the problem 

-AC = 5 (C) inO, 
< C > in Q, (2.5) 

C = on dn. 

v 

Clearly £ is a sub-solution of for all A > 0. It is worth pointing out here that the sub-super 
solution method still works for the problem Q1.1JI . With the same proof as in Zhang and Yu |42l 
Lemmma 2.8] that goes back to the pioneering work of Amann [2| we state the following result. 

Lemma 2.4. Let A,/x > 0. // \ 1. 1\) has a super- solution u G C 2 {Q) H C(ft) such that <u in Q, 
then has at least a solution. 

Another difficulty in the treatment of is the lack of the usual maximal principle. The 
following result which is due to Shi and Yao |35| gives a comparison principle that applies to 
singular elliptic equations. 

Lemma 2.5. (see 1351). Let F : f2 x [0, oo) — > M. be a continuous function such that the mapping 
(0, oo) 3 s — > F ^' s ^ is strictly decreasing at each x G U. Assume v,w G C 2 (ft) n C(J7) and 

(a) Aw + F(x, w) < < Av + F(x, v ) in f2; 

(b) v, w > in Q and v < w on <9$7; 

(c) Av G H(fi). 
T/ien v < w inVt. 

Lemma 2.6. (see P). If p > 1, £/ien £/iere exists a rea/ number a > sitc/i i/iai £/ie problem 

-Au = |Vu| p + a in 

(2.6) 

u = on c?f2, 

/tas no solutions for a > a. 

3 Proof of Theorem 11.11 

We start with the following more general result. 

Lemma 3.1. Let F : O, x (0, oo) — > [0, oo) and G : (0,oo) — > (0, oo) be two Holder continuous 
functions that verify 

(Al) F(x, s) > 0, for all (x, s) G Tl x (0, oo); 

(^42) The mapping [0, oo) 3 s i — > ^(x, s) is nondecreasing for all x G f2; 
(^43) G is nonincreasing and lim s ^oG(s) = +oo. 
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Assume that r > is a positive real number. Then the following holds. 
(i) If t lim^oo G(s) > Ai, then the problem 



-Au = G{u) +r|Vn| 2 + fiF(x,u) in ft, 
u > in SI, 

u = on <9ft, 



(3.1) 



has no solutions. 

(ii) // t lim^oo G(s) < X±, then there exists jl > such that the problem has at least one 

solution for all < [/, < p,. 

Proof, (i) With the change of variable v = e TU — 1, the problem (|3.1j) takes the form 

—Av = ^(x, u) in ft, 



v > 
u = 

1 



in ft, 
on c?£7, 



(3.2) 



4^(x, s) = t(s + 1)G(- ln(s + 1) + fir(s + 1)F x, - ln(s + 1 



where 



for all (x, s) G ft x (0, oo). 

Taking into account the fact that G is nonincreasing and r lim^oo G(s) > Ax, we get 

$V(x,s) > Ai(s + 1) in fix (0, oo), for all /U > 0. 

By Lemma 12.11 we conclude that (|3.2j) has no solutions. Hence (|3.1|) has no solutions, 
(ii) Since 

Urn T( ' + 1)C ^'" (3 + 1) ) + 1 < Ai 



and 



r( g + l)G(iln( g + !)) + ! 

hm — = +oo, 

s\o s 



we deduce that the mapping (0, oo) 3 s i — > r(s + 1)G (- ln(s + 1)) + 1 fulfills the hypotheses in 
Lemma 12.31 According to this one, there exists v G C 2 (ft) n C(ft) a solution of the problem 



-Av = t(v + 1)G [ - ln(v + 1) ) + 1 in ft, 



u > 
u = 



in ft, 
in dQ. 
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Define 



^(IHIoo + 1) ma ^ F f X} I IndlfjUoo + r 



It follows that v is a super-solution of Q3.2[) for all < \i < \x. 

Next we provide a sub-solution u of (|3.2|) such that u < v in 0. To this aim, we apply Lemma l2~3l 
to get that there exists v £ C 2 (Q) n (7(17) a solution of the problem 



-Au = tG ( -ln(u + I] 

u > 
v = 



in £1, 

in Q, 
on dQ. 



Clearly, v is a sub-solution of (j3.2j) for all < [i < fj,. Let us prove now that v < v in f2. Assuming 
the contrary, it follows that max^g^jtJ — v} > is achieved in f2. At that point, say x$, we have 



< -A(v-v)(x ) 
< T 



G ( \Hv(x Q ) + l)j -G (iln(U(x ) + r 



1 < 0, 



which is a contradiction. Thus, v < v in O. We have proved that is an ordered pair of 

sub-super solutions of ()3.2j) provided < fj, < /2. It follows that (|3.1|) has at least one classical 
solution for all < fj, < p, and the proof of Lemma 13. II is now complete. □ 

Proof of Theorem 11.11 completed. According to Lemma 13.1( 1) we deduce that (|l.lj) has no 

solutions if p = 2 and a > Ai. Furthermore, if p = 2 and a < Ai, in view of Lemma l3.1l ii). we 
deduce that (|l.lj) has at least one classical solution if /x is small enough. Assume now 1 < p < 2 
and let us fix C > such that 

aC P/2 + C p-i < Ai (3.3) 

Define 

V>:[0,cx))^[0,oo), il>(s) 



s 2 + C 

A careful examination reveals the fact that ip attains its maximum at s 

pp/ 2 (2- P Y 2 -py 2 



■ H ^ce 



^00 < ^(*) 



for all s > 0. 



2C 1 -p/ 2 

By the classical Young's inequality we deduce 

fl 2 {2-p)^' 2 <2, 
which yields "(p(s) < C p / 2 ~ 1 , for all s > 0. Thus, we have proved 

s p < C p/2 s 2 + C p/2 -\ for all s>0 



(3.4) 
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Consider the problem 



-Au = g(u) + CP/ 2 - 1 + C p / 2 \Vu\ 2 + nf{x ,u) in SI 
u > in Q, 

u = on <9S1, 



(3.5) 



By virtue of Q3.4JI . any solution of (j3.5|) is a super-solution of (jl.lj) . 
Using now (|3.3|) we get 

lim C p/2 (<?(xx) + C p/2 - 1 ) < Ai. 

The above relation enables us to apply Lemma 13. If ii) with G(s) = g(s) + C p / 2 ~ 1 and r = C' p l 2 . It 
follows that there exists ft > such that H3.5|) has at least a solution u. With a similar argument 
to that used in the proof of Lemma 13.11 we obtain £ < u in f2, where £ is defined in (|2.5|) . By 
Lemma 12.41 we get that (|l,lj) has at least one solution if < fj, < fi. 

We have proved that (jl.lj) has at least one classical solution for both cases p = 2 and a < Ai 
or 1 < p < 2, provided /i is nonnegative small enough. Define next 

A = {fj, > 0; problem (jl.lj) has at least one solution}. 

The above arguments implies that A is nonempty. Let \i* = sup A. We first show that [0, fj,*) Q A. 
For this purpose, let \i\ 6 A and < < n\. If u w is a solution of (|l.lj) with fx = fi±, then 
is a super-solution of ()1.1() with /i = /U2- It is easy to prove that £ < in S7 and by virtue of 
Lemma l2~H we conclude that the problem with [i = [i^ has at least one solution. 

Thus we have proved [0, /x*) C A. Next we show /x* < +oo. 
Since lims^o^Cs) = +oo, we can choose sq > such that g(s) > a for all s < sq. Let 



a 



Mo 



Using the monotonicity of / with respect to the second argument, the above relations yields 

g(s) + /x/(x, s) > a, for all (x, s) G Q x (0, oo) and /x > /xo- 
If (|1,1|) has a solution for fj, > /xq, this would be a super-solution of the problem 



-Ait = |Vxx| p + o in Q, 
n = on 



(3.6) 



Since is a sub-solution, we deduce that ()3.6|) has at least one solution. According to Lemma 
12.61 this is a contradiction. Hence fi* < /xq < +oo. This concludes the proof of Theorem ll.il □ 
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4 Proof of Theorem 11.21 

(i) We fix p G (0, 1] and define 



q = q(p) 



p + l if < p < 1, 
3/2 ifp = l. 



Consider the problem 



-An = g(u) + 1 + j Vu\ q + u/(x, u) in ft, 

u>0 in ft, (4.1) 

u = on <9$7. 

Since s p < s q + 1, for all s > 0, we deduce that any solution of (|4.1j) is a super-solution of (jl.lj) . 
Furthermore, taking into account the fact that 1 < q < 2, we can apply Theorem II. If ii) in order 
to get that (|4.1|) has at least one solution if [i is small enough. Thus, by Lemma 12.41 we deduce 
that (|l.lj) has at least one classical solution. Following the method used in the proof of Theorem 
11.11 we set 

A = {« > 0; problem Ql.lj) has at least one solution} 

and let u* = sup A. With the same arguments we prove that [0, u*) C A. It remains only to show 
that u* < +oo. 

Let us assume first that / satisfies (/l). Since lim s ^ 5'(' s ) = +oo, we can choose > ^ 
such that + g(s) > 1 for all s > 0. Then 

g(s) + nf(x, s) > X\s + 1, for all (x, s) G ft x (0, oo) and u > uo- 

By virtue of Lemma 12. II we obtain that (|1.1|) has no classical solutions if u > uo, so fi* is finite. 
Assume now that / satisfies (/2). Since lims^ofi^s) = +co, there exists so > such that 

g{s) > Ai(s + 1) for all < s < s . (4.2) 

On the other hand, the assumption ( f2) and the fact that f2 is bounded implies that the mapping 

(0,oo)9 S ^ min ^ /(X ' S) 
s + 1 

is nondecreasing, so we can choose Ji > with the property 

„ min ^ x ' s ) > Al for all s > SQ . (4.3) 

Now (|4~2^) combined with (|Q|) yields 

^(s) + nf(x, s) > Xi(s + 1), for all (x, s)£l!x (0, oo) and u > /i. 
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Using Lemma 12. 11 we deduce that (|l.ip has no solutions if \i > p,, that is, fi* is finite. 
The first part in Theorem 11,21 is therefore established. 

(ii) The strategy is to find a super-solution € C 2 (Q) n C(tt) of (|1.1|) such that ( < in £1. 
To this aim, let h G C 2 (0, rj\ n C[0, 77] be such that 

/i"(t) = -g(h(t)), for all < t < 77, 

h(0) = 0, (4.4) 
h>0 in(0,?7]. 

The existence of h follows by classical arguments of ODE. Since h is concave, there exists 
h'(0+) e(0, +oo]. By taking 77 > small enough, we can assume that h! > in (0,77], so h 
is increasing on [0, 77] . 

Lemma 4.1. (i) h € C 1 [0,r/] i/ and only if / g(s)ds < +00; 

^0 

(ii) 7/0 < p < 2, i/ten t/iere exist ci, C2 > suc/i that 

{h'f{t) < c x g(h(t)) + 02, /or a// < t < 77. 
Proof, (i) Multiplying by /i' in (|4.4|) and then integrating on [t, 77], < t < 77, we get 

/•jj /./i(r;) 

(/i') 2 ^) - (ti) 2 ^) = 2 / g(h(s))h'(s)ds = 2 / 5 (r)dr. (4.5) 

Jt Jh(t) 

This gives 

(h') 2 (t) =2G(h(t)) + (h') 2 (r]) for all < t < 77, (4.6) 

where G(t) = / g(s)ds. From (|4.6|) we deduce that h'(0+) is finite if and only if G(0+) is 
finite, so (i) follows. 

(ii) Let p £ (0, 2]. Taking into account the fact that g is nonincreasing, the inequality (|4.6|) leads 
to 

(h') 2 (t) <2h(r])g(h(t)) +(h') 2 (r]), for all < t < 77. (4.7) 
Since s p < s 2 + 1, for all s > 0, from (|4.7|) we have 

(/i') p (t) < cxg{h(t)) + c 2 , for all < t < 77 (4.8) 

where c\ = 2/1(77) an< i c 2 = (h') 2 (i]) + 1. This completes the proof of our Lemma. □ 

Proof of Theorem 11.21 completed. Let p G (0, 1) and \i > be fixed. We also fix c > such 
that cll^iHoo < 77. By Hopf's maximum principle, there exist 8 > small enough and 6\ > such 
that 

\V(pi\ > 6>i in n s , (4.9) 
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where Qg '■= { x £ dist(x, d$l) < 5}. 

Moreover, since lim^Q g(h(s)) = +00, we can pick 5 with the property 



(c^VMc^i)) - 3/i/(x, hiapx)) > in Q s . (4.10) 
Let 02 '■= inf o?i > 0. We choose M > 1 with 

M(c^i) 2 > 3, (4.11) 

McAi0 2 /i'(c|Mloo) > 3g(h(c9 2 )). (4.12) 
Since p < 1, we also may assume 

(Me) 1 "' AiC/O^CclMloo) > 3||V^i||^. (4.13) 

On the othe hand, by Lemma 14. If ii) we can choose M > 1 such that 

3(ti(cvi)) p < M^PicOif-Vgihicy-C)) in fl s . (4.14) 

The assumption (/4) yields 

3///(aj,s/t(c||^i|| 00 )) 

lim ^71 — n — s — = °- 

So we can choose M > 1 large enough such that 

3^/(x,M/t(c||y3i|| 00 )) cAi02fr'(c||yi||oo) 

^^(cll^llloo) ^(c||^l||oo) 

uniformly in 0. This leads us to 

3/i/(x,Af/i(c||^ 1 ||oo)) < McAi6> 2 /i'(c||y3i|U), for all x £ fl. (4.15) 

For M satisfying (|4.11|) - <j4.15l) . we prove that = Mh(api) is a super-solution of 1)1. We 
have 

-Am a = Mc 2 5f(/i(c(/?i))|V(/?i| 2 + McAiv?i/i'(cv7i) inO. (4.16) 

First we prove that 

Mc 2 <7(/i(cc/?i))|V^i| 2 > 5 (H M ) + |V^| p + /i/(x,n At ) in (4.17) 
From 1)4.9)) and 1)4.11)1 we get 

-Mc 2 g(h(api))\Vipi\ 2 > g{h{c Vl )) > g{Mh{apx)) = g(u„) in n s . (4.18) 
By 1)4.9)) and 1)4.14)) we also have 

^Mc 2 g(h(c Vl ))\V Vl \ 2 > (Mc)P(h'r(c Vl ))\\/ Vl \ p = |Vu M | p in Q s . (4.19) 
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The assumption (/3) and (|4.1U|) produce 

iMc 2 5 (fr(c(/?i))|V^i| 2 > fjtMffahiap!)) > nf(x,Mh(cvi)) m n 5 . (4.20) 

Now, by (HIED, and (JCTl) we conclude that (l4~T7|l is fulfilled. 

Next we prove 

McXtcpih'iapx) ^giu^ + lVu^ + vf&Un) inO\0 5 . (4.21) 



From ()4. 12|) we obtain 
1 



3 

From (JITS)) we get 
1 



McAi<M'(c<£i) > 9(H*Pi)) > giMhicipi)) = gfcn) in fi \ fi*. (4.22) 



McAi^i/i'^i) > (Mc) p (/i') p (c^i)|V^i| p = |Vu M | p in (4.23) 
3 



-McXxcpih'iccpi) > iif{x,Mh{cipi)) = ^/(x,u M ) in 17 \ Q 5 - (4.24) 



By (|4,15|) we deduce 
1 

3' 

Obviously, (H"2ll follows now by KTH . (j4~23l and (jl^lf) . 

Combining (|4.16|) with (|4.17f) and (|4.21l) we find that u M is a super-solution of (jl.lj) . Moreover, 
C < u^t in f2. Applying Lemma l2~i1 we deduce that Ql.lj) has at least one solution for all /x > 0. 
This finishes the proof of Theorem ll.2l □ 

5 Proof of Theorem 11.31 

The proof case relies on the same arguments used in the proof of Theorem 11.21 In fact, the 
main point is to find a super-solution u\ £ C 2 (0) n (ft) of (|l,lj) . while ( defined in 1)2. 5|) is a 
sub-solution. Since g is nonincreasing, the inequality ( < Ti\ in ft can be proved easily and the 
existence of solutions to (|1.1|) follows by Lemma 12.41 

Define c, 5 and #i, #2 as in the proof of Theorem ll.21 Let M satisfying (|4.11|) and (|4.12j) . Since 
g(h(s)) — > +00 as s \ 0, we can choose 5 > such that 

( C #i) 2 <?(/i(c¥i)) - 3/(x, /i(c^i)) > in n 5 . (5.1) 

The assumption (/4) produces 

lim ^ TTir~ir~^~ = 0' uniformly for x € Q. 

s^oo sh(c\\ipi\\oo) 

Thus, we can take M > 3 large enough, such that 

f(x,Mh(c\\ipi\\oo)) cAi^/t^cll^iHoo) 
Af/i(c||^?i ||oo) 3/*(c||<^i Hqo) 
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The above relation yields 

3/(ar,M/i(c||v»i||oo)) <McAie 2 ^ / (c||¥»i|| 00 ), for all x € 0. (5.2) 
Using Lemma l4.1f ii) we can take A > small enough such that the following inequalities hold 

ZXM^ih'Yicipi) < g(h{c^ l ))(ce 1 ) 2 ~ p in n s (5.3) 

Ai^'MMIco) > 3X(Mcr- l (h')P(ce 2 )\\V Vl \\ P oo- (5-4) 
For M and A satisfying (|4.11|) - (|4.12j) and (|5.1j l -(|5.4 |) . we claim that u\ = Mh{ap\) is a super- 
solution of (jl.lj) . First we have 

-Au x = Mc 2 g(h(c<fi))\V<pi\ 2 + McXi^h'ictpi) in fi. (5.5) 

Arguing as in the proof of Theorem 11.21 from (|4.9|) . (|4.11|) . ()5.1I) . ()5.3j) and the assumption (/3) 
we obtain 

Mc 2 5 (/i(c^i))|V^i| 2 >g(u x ) + \\Vux\ p + f(x,u x ) in n s . (5.6) 
On the other hand, dHHJ), (f5~2|) and (f5~l)) gives 

McAi^i/i'^i) > g(u x ) + A|Vu A | p + f(x,u x ) in \ 5 . (5.7) 

Using now (|5.5|) and ([5.6j) - (|5.7ft we find that «a is a super-solution of so our claim follows. 
As we have already argued at the beginning of this case, we easily get that C < u\ in Q and by 
Lemma 12.41 we deduce that problem (jl.l|) has at least one solution if A > is sufficiently small. 
Set 

A = { A > 0; problem (jl.lj) has at least one classical solution}. 

From the above arguments, A is nonempty. Let A* = sup A First we claim that if A € A, then 
[0, A) C A. For this purpose, let Ai € A and < Aa < Ai. If u\ 1 is a solution of Ql.lj) with A = Ai, 
then u Xl is a super-solution for (|1.1|) with A = A2 while C defined in (|2.5|) is a sub-solution. Using 
Lemma 12.41 once more, we have that (|1.1[) with A = A2 has at least one classical solution. This 
proves the claim. Since A G A was arbitrary chosen, we conclude that [0, A*) C A. 

Let us assume now p S (1, 2]. We prove that A* < +00. Set 

m : = inf (g(s) + f(x, s) J . 
(z,s)Gf2x(0,oo) v ' 

Since lining 9( s ) = +°° an d the mapping (0, 00) 3 s 1 — > min/(x, s) is positive and nondecreas- 

ing, we deduce that m is a positive real number. Let A > be such that (jl.lj) has a solution m,\. 
If v = \ l /^ p ^ l ^u\, then v verifies 

-Av > \Vv\ p + \ l ^-^m in Q, 
< v > in (5.8) 

v = on dQ,. 
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It follows that v is a super-solution of (|2.6|) for a = A 1 ' ^ l 'm. Since is a sub-solution, we obtain 
that ()2.6|) has at least one classical solution for a defined above. According to Lemma 12,61 we 

have a < a, and so A < I — I . This means that A* is finite. 



Assume now p € (0, 1) and let us prove that A* = +oo. Recall that C, defined in ()2.5j) is a 
sub-solution. To get a super-solution, we proceed in the same manner. Fix A > 0. Since p < 1 
we can find M > 1 large enough such that ()4.11|) - (|4.12jl and (|5.2|) - (|5.4|) hold. From now on, we 
follow the same steps as above. 

The proof of Theorem 11.31 is now complete. □ 

Remark. If / g(s)ds < oo, then the above method can be applied in order to extend the study 
__ Jo " 

of (|l.lj) to the case /i = 1 and p > 2. Indeed, by Lemma f4.1f i) it follows h € C [0, 77] . Using 
this fact, we can choose c\,C2 > large enough such that the conclusion of Lemma l4.1f ii) holds. 
Repeating the above arguments we prove that if p > 2 then there exists a real number A* > 
such that (|l.lj) has at least one solution if A < A* and no solutions exist if A > A*. 

6 Proof of Theorem 11.41 

(i) If A = 0, the existence of the solution follows by using Lemma l2.3l Next we assume that A > 
and let us fix fi > 0. With the change of variable v = e Xu — 1, the problem becomes 

—Av = $\(v) in Q, 

v>0 in n, (6.1) 

v = on dCl, 

where 

* A (a) = A(s + l)g (~ ln(s + 1)J + \fi(s + 1), 

for all s £ (0, 00). Obviously $a is n °t monotone but we still have that the mapping (0, 00) 3 
$ A (s) 

s 1 ^ is decreasing for all A > and 

s 

v \f , ^ ay , 
nm = A(a + (j,) and lim = +00, 

s s\0 s 

uniformly for A > 0. 

We first remark that $a satisfies the hypotheses in Lemma 12.31 provided A(o + /x) < Ai. Hence 

(|6.1|) has at least one solution. 

On the other hand, since g > a on (0, 00), we get 

$a(s) > A(a + /i)(s + l), for all A, s G (0,oo). (6.2) 
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Using now Lemma 12.11 we deduce that (|6.1|) has no solutions if A(o + /i) > Aj. The proof of the 
first part in Theorem II .41 is therefore complete. 

(ii) We split the proof into several steps. 
Step 1. Existence of solutions. 
This follows directly from (i). 

Step 2. Uniqueness of the solution. 

Fix A > 0. Let u\ and ui be two classical solutions of (jl.lj) with A < A*. We show that u\ < U2 

in Q. Supposing the contrary, we deduce that maxjui — 112} > is achieved in a point xo € f^. 

n 

This yields V(u± — U2)(xq) = and 

< -A(m - u 2 )(xq) = g(ui(x )) - g(u 2 (x )) < 0, 

a contradiction. We conclude that u\ < U2 in f2; similarly 112 < u\. Therefore u\ = 112 in Vt and 
the uniqueness is proved. 

Step 3. Dependence on A. 

Fix < Ai < A2 < A* and let u\ 1 , u\ 2 be the unique solutions of (|1.1|) with A = Ai and A = A2 

respectively. If {x € Q]U\ 1 > u\ 2 } is nonempty, then max{u\ 1 — u\ 2 } > is achieved in f2. At 

n 

that point, say x, we have V(u\ 1 — u\ 2 )(x) = and 

< -A(« Al - u X2 )(x) = g(u Xl (x)) -g{u M {x)) + (X 1 - A 2 )|V« Al | p (x) < 0, 
which is a contradiction. 

Hence ua x < u\ 2 in Q. The maximum principle also gives u\ 1 < u\ 2 in Vl. 
Step 4. Regularity. 

We fix < A < A*, n > and assume that limsup s ^ s0l 9( s ) < This means that g(s) < cs~ a 
in a small positive neighborhood of the origin. To prove the regularity, we will use again the change 
of variable v = e Xu — 1. Thus, if u\ is the unique solution of (|1.1|) . then v\ = e A " A — 1 is the 

i7ttt> eXs - 1 - i 

unique solution of (16.11) . Since lim = A, we conclude that (iil) and (ii2) in Theorem 11.41 

s\0 s 

are established if we prove 

(a) ci dist(x, Oft) < v\(x) < C2 dist(x, dQ) in Q, for some positive constants c±, C2 > 0. 

(b) v x g c^- a (n). 

Proof of (a). By the monotonicity of g and the fact that g(s) < cs~ a near the origin, we deduce 
the existence of A, B, C > such that 

<S>\(s)<As + B S - a + C, for all < A < A* and s > 0. (6.3) 

Let us fix m > such that mAi \\cpi ||oo < A/x. Combining this with (|6.2|) we deduce 

— A(v\ — mipi) = &\(v\) — mX\ifi > Xfi — mXupi > (6-4) 
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in O. Since v\ — m<pi = on 90, we conclude 

V\ > rrupi in 0. (6-5) 

Now, 1)6. 5 j) and (|2.1|) imply v\ > ci dist(x, 90) in O, for some positive constant c\ > 0. The first 
inequality in the statement of (a) is therefore established. For the second one, we apply an idea 
found in Gui and Lin Using ()6.5j) and the estimate (|6.3|) . by virtue of Lemma we deduce 
$\(v x ) G L x (0), that is, Au A G L x (0). 

Using the smoothness of 90, we can find (5 G (0, 1) such that for all xq G O5 := {x 6 



<5. 



O ; dist(x, 90) < 5}, there exists y G R \ with dist(y, 90) = J and dist(xo, 90) = \xq — y\ 

Let K > 1 be such that diam(O) < (X — 1)5 and let £ be the unique solution of the Dirichlet 
problem 

£>0 in B K (0) \ Bx (0), (6-6) 

£ = ond(B K (0)\B 1 (0)). 

where B r (0) denotes the open ball in M. N of radius r and centered at the origin. By uniqueness, 
£ is radially symmetric. Hence £(x) = £(\x\) and 



f + 



£ > o 

1(1) = l(K) = 0. 



e' + ^ A (e) = o m(i,K), 

in (1,K), 



(6.7) 



Integrating in ()6.7|) we have 

£'(t) = £'(a)a 



N-l+l-N 



.1-iV 



JV-l 



$ A (£(r))dr 



where l<a<t<b<K. With the same arguments as above we have 3>a(£) G L l {\,K) which 
implies that both £(1) and £(K) are finite. Hence £ G C 2 (1,X) n C [1,K]. Furthermore, 

£(x)<Cmia{K-\x\,\x\-i}, for any x € B K (0)\Bi(0). (6.8) 

Let us fix xq 6 0,5. Then we can find ?/o G ^ N \ O with dist(yoj90) = 5 and dist(xo, 90) = 



\xq -y\-S. Thus, C B KS {yo) \ B s (y )- Define v(x) = £ 
u is a super-solution of (|6.1|) . Indeed, for all x G we have 



x-yo 



for all x G 0. We show that 



Av + i> x (v) =^(£" + 



N — 1 

r 

N - 1 



f) +*a(£) 



£' + *a(0 
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— yo 

where r = . We have obtained that 

o 

Av + $\(v) < < Av\ + &\(v\) inn, 
v, v\ > in ft, v = v\ on <9f2 

By Lemma 12.51 we get v x < v in $7. Combining this with (|6.8|) we obtain 

v\(xq) < v(xo) < C* minlK — — ^ , — ^ — 1} < ^-distfxo, 90). 



Hence v x < ^dist(x, <9fi) in and the second inequality in the statement of (a) follows. 

Proof of (b). Let G be the Green's function associated with the Laplace operator in CI. Then, for 
all x E £1 we have 

v\(x) = - / G(x,y)$ x (v\(y))dy 
Jn 

and 

Vv x {x) = - / G a; (a;,y)$ A (u A ( 2 /))dy. 
If X\,X2 £ 0, using (|6.3|) we obtain 

\Vv x {xx) - Vv x (x 2 )\ < / \G x (xi,y) - G x (x 2 ,y)\ ■ (Av x + C)dy 



+B / \G x ( Xl ,y) - G x (x 2 ,y)\ ■ v x a (y)dy. 
Jn 

Now, taking into account that v x € C(f2), by the standard regularity theory (see j2U]) we get 

\G x (xi,y) - G x (x 2 ,y)\ ■ (Av x + C)dy < cx\x\ - x 2 \. 
On the other hand, with the same proof as in |221 Theorem 1], we deduce 

G x (xi,y) - G x (x 2 ,y)\ ■ v~ a (y) < c 2 \x x - x 2 ^~ a . 

u 

The above inequalities imply u x G C 2 (fl) n C 1,1 ~ a (Q). 
Step 5. Asymptotic behaviour of the solution. 

In order to conclude the asymptotic behaviour for u\, it is enough to show that lim X y X * v x = +00 
on compact subsets of Q. To this aim, we use some techniques developed in |31| . Due to the 
special character of our problem, we will be able to show in what follows that, in certain cases, 
L 2 -boundedness implies i/g-boundedness! 

We argue by contradiction. Since (v x ) x<x * is a sequence of nonnegative super-harmonic 
functions in Cl then, by |24[ Theorem 4.1.9], we can find a subsequence of (v x ) x<x * (still denoted by 



20 



(v\)\ < \* ) which converges in L 1 1 oc (0) to some v*. The monotony of v\ yields (up to a subsequence) 
v\ y v* a.e. in Q. 

We first show that (v\)\ < \* is bounded in L 2 (Q). Suppose the contrary. Passing eventually 
at a subsequence, we have v\ = M(\)w\, where 

M(X) = \\vx\\ L ^(a.) ~* °o as A / X* and w\ € L 2 (£l), \\wx\\ L ^(Q) = 1- (6-9) 
Then yields 

' -$ A ( VA )^0 in4 oc (0) as A /A* 



M(A) 
that is, 

-Aw x ^0 ki^O) as A / A*. (6.10) 
By Green's first identity, we have 

/ Vu> A • V^dx = - / 4>Aw x dx = - cf)Aw x dx, for all $ e Cg°(fi). (6.11) 

Jo, J n JSupp0 

Using ()6.1Uj) we obtain 



cj)Aw\dx 

Supp 



< / |0||Au; A |da; 

./Supp (, 



[ \Aw x \dx -> as A / A*. 

J Supp 



(6.12) 



Now, (l6~TTl) and (021 yield 

/ Vw A • V(f>dx -> as A / A*, for all ^C °°(fi). (6.13) 
Jn 

Recall that (ui A ) A<A * is bounded in L 2 (0). We claim that (w A ) A < A * is bounded in Hq(Q). 
Indeed, using 1)6. 3 j) and Holder's inequality, we have 



/ |Vu> A | 2 = - / w\Aw\ 



n 



n M(X) 1+a Jn M(X) JQ 

< a + - ir?i (1+a)/2 4- — —im 1 / 2 



From the above estimates, we can easily conclude that (u> A ) A<A * is bounded in Hq(Q). Thus, 
there exists w € iJg(Q) such that 

weakly in flj(n) (6.14) 
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and 

w\ — > w strongly in L 2 (f2). (6.15) 

Combining (|6.9I) and (|6.15|) . we get ||w||i2(jj) = 1- On the other hand, from (|6.13l) and (|6.14l) we 
obtain 

/ Vw-V<pdx = 0, for all cj) G Cq°(J2). 
Jn 

Since w E Hq(Q), using the above relation and the definition of Hq(Q), we get w = 0, which 
contradicts the fact that ||^||z/ 2 (o) = 1- Hence (v\)\ < \* is bounded in L 2 (Q). As before for w\, 
we can obtain that (^a)a<a* is bounded in Hq(U). Then, up to a subsequence we have 

v\ — ^ v* weakly in Hq(Q) as A / A*, 

v A ^w* strongly in L 2 (SI) as A / A*, (6.16) 
v\ —¥ v* a.e. in £2 as A / A*. 

Now we can proceed to get a contradiction. Multiplying by ip\ in (|6.1|) and then integrating over 
SI we have 

- / Avxfidx = / $a(i>a)^i^ for all < A < A*. (6.17) 
Jn Jn 

Using (|6.2j) we get 

Ai / v X (fi > A(a + fi) / (v a + l)¥>idx, for all < A < A*. (6.18) 
Jn Jn 

By ([6.16J1 we can use Lebesgue's dominated convergence theorem in order to pass to the limit 
with A / A* in (|6~TH|) . We obtain 

Ai / v*if X dx > Ai / (v* + l)(p!dx, (6.19) 

which is a contradiction since > in 0. This contradiction shows that lim v\ = +oo, 

A /\* 

uniformly on compact subsets of f2 which implies lim u\ = +oo, uniformly on compact subsets 

A/A* 

of Q. The proof of Theorem II .41 is now complete. □ 
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